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Abstract. We have theoretically studied the effect of disorder on ultracold alkaline-earth atoms governed by
the Kondo lattice model in an optical lattice via simplified double-well model and hybridization mean-field
theory. Disorder-induced narrowing and even complete closure of hybridization gap have been predicted
and the compressibility of the system has also been investigated for metallic and Kondo insulator phases
in the presence of the disordered potential. To make connection to the experimental situation, we have
numerically solved the disordered Kondo lattice model with an external harmonic trap and shown both
the melting of Kondo insulator plateau and an compressibility anomaly at low-density.
PACS. 71.27.+a Strongly correlated electron systems; heavy fermions – 71.30.+h Metal-insulator transi-
tions and other electronic transitions – 37.10.Jk Atoms in optical lattices
1 Introduction
Though Anderson localization describes the disordered
noninteracting particles well [1], understanding the inter-
play between interaction and disorder in quantum many-
body systems has still been a challenging topic for con-
densed matter physics community [2]. Cheerfully, recent
developments of ultracold gases in laser speckles or incom-
mensurate optical lattices provide a new platform with
both experimentally controlled interaction and disorder
to reveal the physics of noninteracting and interacting
particles in disordered potentials [3,4,5,6,7,8]. Nowadays,
though the task of mimicking quantum magnetism has still
been hindered by the required low temperature of spin or-
dering [9], the milestone realizations of the fermionic Mott
insulator (MI) for alkali or alkaline-earth atoms (AEAs)
[10,11,12,13] have inspired the blossom of experimental
and theoretical studies on disordered strongly correlated
Fermi gases. Experimentally, the transition from super-
fluid to a glasslike phase has been identified in disordered
strongly interacting 6Li2 molecules [14,15], and the dis-
ruption of the Hubbard gap by disorder-induced density
fluctuations has been probed in MI regime with ultracold
fermionic 40K atoms [16]. Theoretically, the real-time dy-
namics of strongly correlated three-dimensional Fermi sys-
tem in disordered potentials has been investigated com-
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bining time-dependent density-functional theory and dy-
namical mean-field theory [17], and the ground-state prop-
erties of the disordered one-dimensional Fermi-Hubbard
model with harmonic confining potential have also been
studied within a density-functional scheme [18], where the
validity of local density approximation (LDA) is limited
to weak [19,20] or long-range correlated [21] disorder.
As another most active field in condensed matter physics,
heavy fermion compounds can be modeled as a lattice of
localized spin moments coupled to a band of conduction
electrons via Kondo-exchange interaction [22,23,24]. Re-
cently, Gorshkov et al. and Foss-Feig et al. have shown
that fermionic AEAs have unique properties that allows
for reconstructing the Kondo lattice model (KLM) and in-
vestigating heavy fermion physics from different perspec-
tives [25,26,27], which has been strongly supported by
the very recent experimental observation of remarkable
two-orbital spin-exchange interactions in both 87Sr [28]
and 173Yb [29]. To the best of our knowledge, the zero-
temperature properties of interacting heavy fermions in
a disordered optical lattice have not been uncovered yet
[8]. To implement the disordered KLM with the AEAs,
ultracold atoms in two clock states |1S0〉 (|g〉) and |3P0〉
(|e〉) are trapped in two independent optical lattice poten-
tials at the same periodicity [30], where mobile g atoms
(conduction electrons) coexist with a MI background of
e atoms (localized spin moments). The disordered poten-
tial is created by a state-dependent external laser speckle
radiating the itinerant g atoms and the strength of the
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Fig. 1. Density fluctuation of the ground states of the half-
filling (a) and unit-filling (b) KLM in tilted (blue solid) and
randomly tiled (red dashed) DW potentials. The green dashed
line shows the density fluctuation in the unit-filling case calcu-
lated based on the simplified δ-function lineshape of the reso-
nant tunneling.
disorder is characterized by the average speckle potential
energy at the focus of the lens, which can be adjusted by
tuning the speckle laser power.
In this article, the physics of interacting heavy fermions
in a disordered optical lattice has been captured both
qualitatively in the double-well (DW) model by analytic
solutions and quantitatively by hybridization mean-field
theory (hMFT) in the thermodynamic limit. From the
theoretical side, we extend the arithmetically averaging
approach in Ref. [31] to the heavy-fermion system. Sub-
sequently, a LDA+hMFT calculation is performed to in-
corporate harmonic confinement effect following Ref. [32,
33].
2 The double-well model
Besides the sophisticated numerical recipes, such as den-
sity matrix renormalization group, the DW models can
also reveal the basic physics of a disordered quantum gas
qualitatively, especially the interplay between interaction
and disorder in synthesis disordered systems [34]. The
model we propose describes interacting heavy fermions in
a disordered DW potential
HDW = −tg
∑
σ∈↑,↓
(c†LgσcRgσ + h.c.) + JK
∑
i∈L,R
Sig · Sie
+
ǫ
2
(nLg − nRg), (1)
where c†iασ (ciασ) creates (destroys) one α ∈ {e, g} atom
at spin state σ on site i. Siα =
1
2
∑
σ,σ′
c†iασσσσ′ciασ′ (σ is
the vector of Pauli matrices). tg and JK are magnitudes
of tunneling and Kondo-exchange interaction respectively.
And ǫ measures the energy level mismatch between the
tilted wells. In the DW model, disorder is mimicked by a
random tilting following box distribution p(ǫ) = Θ(∆ −
|ǫ|)/2∆ between two wells, with the disorder strength pa-
rameter∆. For a single-site operatorO, 〈O〉ǫ is the ground
state observation at a fixed tilting ǫ, and the average ex-
pectation for a variety of random samples is given by
〈O〉∆ =
∫ ∆
−∆
dǫp(ǫ)〈O〉ǫ. (2)
Here, to approach the effect of disorder on the conducting
and insulating ground states in the DW model, we focus
on the half-filling (ng = 0.5) and unit-filling (ng = 1) cases
respectively.
Considering the experimental accessibility, the require-
ment to reach the temperature smaller than the Kondo
temperature TK ∼ tge−tg/JK can always be relaxed by
choosing a larger JK in optical lattices [27]. In this arti-
cle, we choose JK = 8tg and obtain TK ∼ tg, so only a
temperature smaller than the tunneling energy is needed
to realize the artificial heavy-fermion system. Moreover,
in the chosen strong-coupling parameter regime, we can
both restrict the composite object of a pair of g and e
atom on the same DW site to Kondo singlet and apply
the hybridization mean-field treatment in the thermody-
namic limit reasonably.
Approximately, the DW with half-filling of g atoms in
the strong-coupling limit describes a single Kondo singlet
tunnels between subwells with effective tunneling ampli-
tude tg/2 in the representation consisting of holon state
|0〉 and singlet state |s〉 [35,36]. In Fig. 1a, the ground state
continuously transforms from the extended state 1/
√
2(|s, 0〉+
|0, s〉) to the localized state |0, s〉, since the energy mis-
match ǫ reduces the tunneling of Kondo singlet between
the subwells. And the density fluctuation of the tilted DW
model
〈∆ng〉ǫ =

 tg(|ǫ|+
√
t2g + ǫ
2)
t2g + (|ǫ|+
√
t2g + ǫ
2)2


2
(3)
decreases with the increasing energy mismatch. Thus, when
disorder introduces random relative energy mismatches,
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the density fluctuation
〈∆ng〉∆ =
tg arctan
∆
tg
4∆
(4)
also decreases monotonically, as the weight of the localized
state increases with the disorder strength. Accordingly, in
a strongly disordered dilute heavy-fermion gas which can
be interpreted as being composed of holon sites and half-
filling DWs approximately, g atoms tend to be localized
in the randomly distributed low-energy subwells in the
disorder landscape. And this explains the compressibility
anomaly at low density qualitatively [37].
The Hilbert space of the unit-filling DW model in the
strong-coupling limit [38] consists of the Kondo insulating
state |s, s〉 protected by the DW gap ∆DWH = 3/2JK and
the dipole state |0, D〉 describing a holon-doublon pair on
nearest-neighbor sites. In Fig. 1b, when such a DW sys-
tem is tilted, the Kondo insulating state and the dipole
state become degenerate and coupled resonantly by the
g atom tunneling at ǫ = ∆DWH , where the ground state
1/
√
2(|s, s〉+ |0, D〉) is most conductive. And the density
fluctuation
〈∆ng〉ǫ =


tg
[
(|ǫ| −∆DWH ) +
√
t2g + (|ǫ| −∆DWH )2
]
t2g +
[
(|ǫ| −∆DWH ) +
√
t2g + (|ǫ| −∆DWH )2
]2


2
(5)
manifests the corresponding resonant lineshape. The reso-
nant feature of density fluctuation vanishes when a disor-
dered DW potential tunes the energy difference between
the Kondo insulating state and the dipole state randomly.
Being understood within a simplified picture where a δ
function describes the resonant tunneling probability [39],
the Kondo insulating state preserves till the disorder strength
reaches a discontinues singularity at ∆ = ∆DWH , and then
the probability of the resonant tunneling drops following
the power law ∝ 1/∆ as strong disorder prefers the dipole
deformed ground state. Obviously, the effect of disorder
on the resonant tunneling (also density fluctuation and
compressibility) changes from enhancement to suppres-
sion at ∆ = ∆DWH where the disorder averaged coupling
between the Kondo insulating state and the dipole state
is strongest. In the actual DW system, though the g atom
tunneling broadens the simplified δ-function lineshape of
the resonant tunneling, the density fluctuation
〈∆ng〉∆ =
tg
[
arccot
tg
∆−∆DW
H
+ arctan
∆DWH
tg
]
4∆
(6)
manifests the similar trend as the simplified picture except
the analytic ramping-up behavior around ∆ = ∆DWH .
In the thermodynamic limit, the resonant family is
supplemented with multiple dipole deformations of the
Kondo insulator [40], and a resonant excitation probability
versus ǫ between neighboring lattice sites in a clean sys-
tem is expected as its Mott counterpart [41]. Since only
separate creations of resonant dipole states on nearest-
neighbor links are possible [40], the DW model may still
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Fig. 2. The effect of disorder on hybridization gap structure.
And the closure of the hybridization gap has been identified at
∆ = ∆H/2.
provide a reasonable qualitative understanding for the ef-
fect of disorder on Kondo insulators with the chemical
potential lying in the middle of the hybridization gap.
3 Hybridization mean-field theory
In the thermodynamic limit, the disordered heavy-fermion
lattice gas is governed by the single-band disordered KLM
Hamiltonian
HdKLM = −tg
∑
〈i,j〉,σ
c†igσcjgσ + JK
∑
i
Sig · Sie
+
∑
i
(ǫi − µg)nig +
∑
i
(nie − 1)µe, (7)
where the onsite energies ǫi of diagonal uncorrelated dis-
order are assumed to be distributed according to pǫ =
Θ(∆−|ǫ|)/2∆ with the strength of disorder ∆. µg and µe
are chemical potentials of g and e atoms respectively. And
the last term is the constraint of the unit filling of the MI
background of e atoms.
As having been verified in the heavy-fermion materials
such as YbFe4Sb12 and CeRu4Sb12 [42], the hybridization
between g and e atoms can be treated as the order param-
eter
ηi =
1
2
∑
σ
〈c†igσcieσ + c†ieσcigσ〉, (8)
in the picture of which, disorder fluctuates the hybridiza-
tion in the heavy-fermion system and induces a bath of the
order parameters ηi that breaks the translational symme-
try of the multiple site lattice model [32]. Consequently,
the translationally invariant hMFT can not be simply ap-
plied as Ref. [27].
One possible solution of the disorder-induced broken
translational symmetry mentioned above is the arithmeti-
cally averaging approach in Ref. [31], where the disorder-
induced fluctuations of the order parameters are accounted
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Fig. 3. The effect of disorder on compressibility in dilute
metallic phase (a) and Kondo insulator phases with the chem-
ical potential lying in the middle (b) and near the edge (c) of
the hybridization gap.
for by the disorder averaging
∫ ∆
−∆ dǫp(ǫ) . . . , and the cor-
responding mean-field Hamiltonian can be considered to
be translationally invariant approximately. Following Ref.
[31], the disordered KLM is approximated by an effective
translationally invariant mean-field Hamiltonian
HMF = −tg
∑
〈i,j〉,σ
c†igσcjgσ −
JK
2
η
∑
i,σ
(c†igσcieσ + c
†
ieσcigσ)
+
JK
2
Nη2 + (ǫ− µg)Nng +N (ne − 1)µe, (9)
where η = 12
∑
σ
∫∆
−∆
dǫp(ǫ)〈c†igσcieσ+c†ieσcigσ〉(ǫ) and µe =∫∆
−∆ dǫp(ǫ)µe(ǫ). N is the total number of lattice sites. ηgs
and µgse of the disordered heavy-fermion system’s ground
state are determined by the the self-consistency condition
and the unit-filling constraint [27]
∂E(η, µe)
∂η
= 0 ,
∂E(η, µe)
∂µe
= 0 , (10)
where the disorder averaged total energy per site E(η, µe) =∫∆
−∆ dǫp(ǫ)
〈η,µe,ǫ|HMF |η,µe,ǫ〉
N . Subsequently, any disorder
averaged ground state observation of the single-site op-
erator O can be expressed reasonably as [31]
〈O〉∆ =
∫ ∆
−∆
dǫp(ǫ)〈ηgs, µgse , ǫ|O|ηgs, µgse , ǫ〉. (11)
Note that in Ref. [31], the arithmetically averaging ap-
proach fails to describe the Bose glass phase in the disor-
dered Bose-Hubbard model at zero temperature and any
finite tunneling amplitude [32]. The invalidity of this ap-
proach is caused by the decoupling mean-field approxima-
tion applied to the nearest-neighbor tunneling term, which
describes the strength of the coupling to the nearest-neighbor
sites by the disorder averaged order parameter. However,
in our work, the disordered heavy-fermion system is treated
by the hybridization mean-field theory that uses onsite hy-
bridization order parameter ηi and applies no mean-field
approximation to the nearest-neighbor tunneling term. As
a result, though we apply the arithmetically averaging
to describe the disorder-induced fluctuations of ηi and
reach the translationally invariant hybridization mean-
field Hamiltonian with the disorder averaged hybridiza-
tion order parameter η, the invalidity caused by the de-
coupling mean-field approximation mentioned above shall
evidently not be inherited by the hybridization mean-field
Hamiltonian with the exact form of the nearest-neighbor
tunneling.
In Fig. 2, the hybridization gap shrinks with the in-
creasing disorder strength and completely destroyed at
strong disorder. In the clean system, the chemical poten-
tial µg of the heavy fermion system is a particle-hole sym-
metric function of the g atom density ng, whose discontin-
uous singularity at unit filling stands for the hybridization
gap. And Kondo insulator phase forms when the chemi-
cal potential of ground state lies in the hybridization gap.
Note that hMFT underestimates the clean hybridization
gap by predicting ∆H ∼ 3/4JK in the chosen parame-
ter regime, for exact results in the strong-coupling limit
give ∆H = 3/2JK [26]. Once the disorder potential is
introduced, the holon and doublon sites emerge, neither
of which have onsite Kondo-exchange interaction or in-
terband hybridization. Thus, the hybridization gap of the
disordered KLM narrows as the disorder-induced creation
of holon and doublon sites reduces interband hybridiza-
tion. When the disorder strength reaches ∆H/2, the hy-
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bridization gap disappears completely and the system can
possess no insulating phases at all.
On the other hand, the compressible metallic phase
and incompressible insulating phases of the disordered
KLM can be characterized by compressibility κ = 〈1/(∂µg∂ng )|n0g 〉∆
or 〈(∂ng∂µg )|µ0g 〉∆, where density ng or chemical potential
µg are independent variables respectively. For the dilute
metallic phase with constant filling n0g = 0.1 (Fig. 3a), the
metallic phase evolves into a poorly conducting state at
strong disorder as usual quantum Fermi gas [15]. The rea-
son for this phenomenon is that the strong disorder sup-
presses the nearest-neighbor tunneling significantly and
dilute g atoms tend to occupy the low-energy wells in the
disorder landscape [18]. The dropping of compressibility
shows clearly that the dilute heavy-fermion system stiffens
remarkably with increasing disorder strength. Differently,
in the disordered potential, the Kondo insulator phase
with the chemical potential lying in the middle of the hy-
bridization gap (Fig. 3b) has zero chemical potential and
is constantly unit-filling as the hybridization gap narrows
under disorder (see Fig. 2). This insulating phase is ro-
bust at weak disorder for dipole states are hardly excited.
With the increasing disorder strength, the compressibility
of the heavy-fermion system is enhanced gradually by the
disorder-induced coupling to the single or multiple dipole
deformation. While in strong disorder regime, the com-
pressibility is suppressed since the coupling between the
Kondo insulator and the deformation states is reduced.
The crossover happens at the critical value ∆ = ∆H ,
where the disorder averaged coupling between the Kondo
insulating state and the single or multiple dipole states
is strongest. It is interesting that we have found a simi-
larity between density fluctuation in the DW model and
compressibility in the thermodynamic limit, as shown in
Fig. 1 and Fig. 3a − b. And since the density fluctuation
is directly related to the compressibility [43], it may in-
dicate the validity of the qualitative DW picture in the
disordered heavy-fermion system.
However, in the Kondo insulator phase with the chem-
ical potential locating near the edge of the hybridization
gap, we choose constant chemical potential µ0g = −2.5tg
and leave the g atom density of the ground state vary-
ing with disorder strength. Since quantum phases in the
heavy-fermion system are filling induced, the changing of
g atom density leads to quantum phase transition (QPT)
obviously. And understanding of the underlying physics
has been obtained from the hybridization gap structure.
In Fig. 3c, Kondo insulator manifests nontrivial robust-
ness at weak disorder. The QPT towards the compressible
metallic phase with fractional density does not occur till
the unit-filling Kondo insulator phase reaches the shrunk
hybridization gap edge, which is consistent with the en-
hancement of compressibility at∆ ≥ ∆H/2+µ0g. At strong
disorder ∆ > ∆H/2, the hybridization gap is destroyed
and the gapless system can possess no incompressible in-
sulating phase (see Fig. 2). In such a compressible phase
of the gapless system, the compressibility has been sup-
pressed by disorder. And we find the crossover of the effect
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Fig. 4. The effect of disorder on density profile of the wedding
cake structure (a) and thermodynamic stiffness (b). Inset of
(a): the corresponding hybridization profile.
of disorder from increasing to decreasing compressibility
happens at critical value ∆ = ∆H/2, where disorder is
just strong enough to make the hybridization gap vanish.
Actually, we find that the above mentioned behavior of
compressibility is a common response of the Kondo insu-
lator to the disordered potential. The crossover point of
the effect of disorder on compressibility is indeed depen-
dent on the chemical potential µ0g of the Kondo insulator
phase, with the critical value of the disorder strength rang-
ing from ∆H/2 to ∆H correspondingly (not shown here).
4 Incorporating experimental harmonic
confinement with LDA
From the experimental side, the strongly correlated lattice
gases are usually trapped in the harmonic confining poten-
tial and manifest the wedding cake structure, where quan-
tum phases and QPTs are probed with density profile and
compressibility [11,43]. However, the arithmetically aver-
aged hMFT in the foregoing section is in nature a single-
site theory. To extend the properties of interacting heavy
fermions in a disordered optical lattice obtained via hMFT
to the experimental situation, the spatial inhomogeneity
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of the slowly varying Ω = 2.5tg/1000 harmonic confine-
ment
∑
i
Ωi2nig is treated via LDA [44], where the trap-
ping potential is considered as a local chemical potential
µjg = µg −Ωj2 in the effective hMFT Hamiltonian. And
a similar approach combing single-site mean-field theory
and LDA has already solved the disordered Bose-Hubbard
model in the harmonic trap successfully [33].
For the density profile in Fig. 4a, the wedding cake
structure shows two insulator plateaus surrounded by the
liquid edges: (1) the Kondo insulator plateau with unit-
filling of g atoms has strongest interband hybridization.
(2) while the normal insulator plateau consisting of dou-
blon sites experiences neither Kondo-exchange interaction
or interband hybridization. The the robustness of the wed-
ding cake structure is obvious at weak disorder, though the
slight melting at the edge of the insulating plateau indi-
cates the smoothing of the singularity of the hybridization
gap. With increasing disorder strength, the closure of the
hybridization gap has been identified when the Kondo in-
sulator plateau vanishes at∆ = ∆H/2. The corresponding
hybridization profile shows that the disorder-induced den-
sity fluctuation [16] disrupts the Kondo insulator plateau
consisting of Kondo singlets by reducing the interband
hybridization between g and e atoms via creating zero-
hybridization holon and doublon sites. At strong disor-
der, the wedding cake structure has melted completely and
manifests the bell-shape density profile consistent with the
gapless system. And as the disorder reduces the chemi-
cal potential µg of the dilute compressible phase (see Fig.
2), the considerable leakage though the edge of the har-
monic confinement has also been predicted. Note that the
local compressibility of the disordered KLM can also be
extracted from the density profile following the definition
κ = 〈∂ng(r)∂Ωr2 〉∆ in Ref. [43]. By measuring the local com-
pressibility under different disorder strength, the results
in Fig. 3 can be verified experimentally.
Since disorder and interactions affect thermodynamic
quantities, like the solid-state systems, the global com-
pressibility is important in understanding the effect of
disorder on the wedding cake structure [45,46]. In Fig. 4b,
we study the global compressibility by calculating stiffness
S = 〈 ∂µg∂Ng 〉∆, where Ng is the total number of the g atoms
[18,46]. The singularities exhibited by the global com-
pressibility indicate the QPTs between metallic and insu-
lating phases accessed by varyingNg. As the hybridization
gap narrows, the increasing disorder strength smooths the
singularities out. And at strong disorder, the compressibil-
ity anomaly at low density is very obvious, being consis-
tent with Fig. 3a and the qualitative DW picture.
5 Conclusion
Motivated by the very recent theoretical prediction and
experimental observation of two-orbital SU(N) magnetism
[25,28,29], we have studied the response of ultracold AEAs
governed by the KLM to the diagonal uncorrelated disor-
dered potential. By both the DW model and hMFT, be-
sides the transition of heavy fermions from metallic phase
to poorly conducting phase at strong disorder as usual
quantum Fermi gas, we have demonstrated that for Kondo
insulators with the chemical potential lying in the middle
and near the edge of the hybridization gap, the crossover
of the effect of disorder on compressibility is related to
the disorder averaged coupling between the insulating and
dipole states and the vanishing of hybridization gap re-
spectively. We have also shown that our demonstration
is accessible in the experimental harmonic confining po-
tential by probing the density profile and compressibil-
ity with the state-of-the-art experimental techniques. We
hope this work can serve as a reasonable guide for the
underlying physics of the disordered KLM and contribute
to the experimental investigation of the disordered KLM
with ultracold AEAs in the future.
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